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PALETTES OF DEHN COLORINGS FOR SPATIAL GRAPHS
AND THE CLASSIFICATION OF VERTEX CONDITIONS
KANAKO OSHIRO AND NATSUMI OYAMAGUCHI
Abstract. In this paper, we study Dehn colorings of spatial graph diagrams,
and classify the vertex conditions, equivalently the palettes, for them. We give
some example of spatial graphs that can be distinguished by the number of
Dehn colorings with selecting an appropriate palette. Furthermore, we also
discuss the generalized version of palettes, which is defined for knot-theoretic
ternary-quasigroups and region colorings of spatial graph diagrams.
Introduction
Throughout this paper, Z+ means the set of positive integers and Z≥q means
the set of integers greater than or equal to some number q. Let p ∈ Z≥2, and let
Zp = {0, 1, . . . , p− 1} denote the cyclic group Z/pZ.
Fox colorings, namely arc colorings by Zp with some condition, were invented by
Fox [2] and have studied in knot theory, see [3, 13, 14] for example. The number of
Fox p-coloring is a classical link invariant. Ishii and Yasuhara applied it for spatial
graphs and considered two kinds of coloring conditions for vertices in [4]. After
that, the first author introduced palettes1 of Fox colorings, each of which gives a
coloring condition for vertices of spatial graph diagrams, in [10]. She completely
classified the vertex conditions for Fox colorings of spatial graph diagrams.
Dehn colorings, namely region colorings by Zp with some condition, for classical
link diagrams have been also studied in knot theory, see [1, 5, 6, 7, 8, 9, 11] for
example. In [1], some relation between Fox colorings and Dehn colorings was given.
We studied Dehn colorings for spatial graph diagrams, and showed that some in-
variants τp, εp, µp, and µp,τ for an equivalence relation on
∑
n∈2Z+
Z
n
p gives a spatial
graph invariant called a vertex-weight invariant in our previous paper [12].
In this paper, we make use of these four invariants τp, εp, µp, and µp,τ to classify
the vertex conditions for Dehn colorings of spatial graph diagrams. We introduce
palettes for Dehn colorings of spatial graph diagrams, where a palette gives a vertex
condition, and where in this paper we call palettes of region colorings “R-palettes”
and those of arc colorings “A-palettes”. Then, we give an example of spatial graphs
which can be distinguished by selecting an appropriate R-palette. Furthermore,
we also discuss a generalization of Dehn colorings and R-palettes, which is given
for knot-theoretic ternary-quasigroups and region colorings of “oriented” (or “un-
oriented”) spatial graph diagrams.
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1We use spelling “palette” in this paper, while the first author used spelling “pallet” in [10].
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This paper is organized as follows: In Section 1, we introduceR-palettes for Dehn
p-colorings and a equivalence relation on
⋃
n∈2Z+
Z
n
p . In Section 2, some invariants
under the equivalence relation on
⋃
n∈2Z+
Z
n
p are reviewed. By using them, we
state our main theorem, which gives the classification of vertex conditions for Dehn
p-colorings. In Section 3, an A-palette of Fox p-colorings is reviewed. We give the
proof of the main theorem in Section 4. In Section 5, we define a Dehn (p, P )-
coloring of an unoriented spatial graph diagram with a palette P and show that
the number of Dehn (p, P )-colorings is an invariant of unoriented spatial graphs.
Moreover, we give some example of spatial graphs which can be distinguished by the
number of Dehn (p, P )-colorings with selecting an appropriate palette. In Section
6 and Section 7, we show that the notion of R-palettes for Dehn p-colorings can be
extended for knot-theoretic ternary-quasigroups and region colorings of “oriented”
or “unoriented” spatial graph diagrams in general.
1. An R-palette for Dehn colorings
We first give a definition of an R-palette for Dehn p-colorings.
Definition 1.1. An R-palette P for Dehn p-colorings is a subset of
⋃
n∈2Z+
Z
n
p sat-
isfying the following conditions:
(i) If (a1, a2, . . . , an) ∈ P , then (a2, . . . , an, a1) ∈ P .
(ii) If (a1, a2, . . . , an) ∈ P , then(
a, a2 + (−1)
2(a1 − a), . . . , ai + (−1)
i(a1 − a), . . . , an + (−1)
n(a1 − a)
)
∈ P
for any a ∈ Zp.
(iii) If (a1, a2, . . . , an) ∈ P , then(
a, a1 − a2 + a, . . . , a1 − ai + a, . . . , a1 − an + a
)
∈ P
for any a ∈ Zp.
(iv) If (a1, a2, a3, . . . , an) ∈ P and n > 2, then
(a1,−a1 + a2 + a3, a3, . . . , an) ∈ P.
Definition 1.2. Two elements a, b ∈
⋃
n∈2Z+
Z
n
p are equivalent (a ∼ b) if a and b
are related by a finite sequence of the following transformations:
(Op1) (a1, . . . , an) −→ (a2, . . . , an, a1),
(Op2) (a1, . . . , an) −→ (a, a2 + (−1)
2(a1 − a), . . . , ai + (−1)
i(a1 − a), . . . , an +
(−1)n(a1 − a)) for a ∈ Zp,
(Op3) (a1, . . . , an) −→ (a, a1− a2+ a, . . . , a1− ai+ a, . . . , a1− an+ a) for a ∈ Zp,
(Op4) (a1, . . . , an) −→ (a1,−a1 + a2 + a3, a3, . . . , an).
Remark 1.3. The inverse of (Op1) (resp. (i) of Definition 1.1) is (Op1)n−1 (resp.
(i)n−1). The inverse of (Op2) (resp. (ii) of Definition 1.1) for c ∈ Zp is (Op2) (resp.
(ii) of Definition 1.1) for a1 ∈ Zp. The inverse of (Op3) (resp. (iii) of Definition 1.1)
for c ∈ Zp is (Op3) (resp. (iii) of Definition 1.1) for a1 ∈ Zp. The inverse of (Op4)
(resp. (iv) of Definition 1.1) is (Op4)p−1 (resp. (iv)p−1 of Definition 1.1).
3Example 1.4. For any n ∈ 2Z+, let Up,n = Z
n
p and let Up =
⋃
n∈2Z+
Up,n, both of
which are R-palettes for Dehn p-colorings. We call Up,n the universal R-palette of
length n and Up the universal R-palette.
Example 1.5. For any n ∈ 2Z+, let
Ap,n =
{
(a1, . . . , an) ∈ Up,n
∣∣∣∣∣ ai = a1 if i is odd,ai = a2 if i is even
}
and let Ap =
⋃
n∈2Z+
Ap,n, both of which are R-palettes for Dehn p-colorings. We
call Ap,n the alternating R-palette of length n and Ap the alternating R-palette.
Clearly we have the following lemma:
Lemma 1.6. (1) It holds that Up/ ∼ =
⊔
n∈2Z+
(
Up,n/ ∼
)
.
(2) A subset P ⊂ Up is an R-palette for Dehn p-colorings if and only if P =⋃
λ∈Λ
Cλ for some {Cλ}λ∈Λ ⊂ Up/ ∼.
Lemma 1.6 implies that for classifying the R-palettes, it suffices to classify the
equivalence classes of Up,n with respect to the relation ∼. That is, it is important
to know Up,n/ ∼, which is given in Theorem 2.2.
2. Main theorem
Put a = (a1, . . . , an). Note that for the definition of τp, εp, µp, and µp,τ , we treat
ai ∈ Zp = {0, 1, . . . , p− 1} for i ∈ {1, . . . , n} as an integer. We define τp : Up −→ Z
by
τp
(
a
)
= max
{
k ∈ {1, . . . , p}
∣∣∣∣∣ k|p,a1 + a2 ≡ a2 + a3 ≡ · · · ≡ an + a1 (mod k)
}
.
Suppose p is an even integer. We define εp : Up −→ Z ∪ {∞} by
εp
(
a
)
=


0 if a1 + a2 ≡ · · · ≡ an + a1 ≡ 0 (mod 2),
1 if a1 + a2 ≡ · · · ≡ an + a1 ≡ 1 (mod 2),
∞ otherwise.
We define µp : Up −→ Z by
µp
(
a
)
= E
(
(a1 + a2, . . . , an + a1)
)
−O
(
(a1 + a2, . . . , an + a1)
)
,
where
E
(
a
)
= #{i ∈ {1, . . . , n} | ai ≡ 0 (mod 2)}
and
O
(
a
)
= #{i ∈ {1, . . . , n} | ai ≡ 1 (mod 2)}.
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For τ ∈ {1, . . . , p} such that τ ≡ 0 (mod 2), τ |p and
p
τ
≡ 0 (mod 2), define
µp,τ : Up −→ Z ∪ {∞} by
µp,τ
(
a
)
=


∣∣∣∣∣ µ pτ
((a1 − a1
τ
,
a2 − a2
τ
, . . . ,
a2j−1 − a1
τ
,
a2j − a2
τ
, . . . ,
an − a2
τ
)) ∣∣∣∣∣
if τp(a) = τ,
∞ otherwise.
Lemma 2.1. ([12]) τp, εp, µp, and µp,τ are invariants under the relation ∼.
We then have our main theorem, which gives the complete classification of col-
oring conditions for vertices of spatial graph diagrams.
Theorem 2.2. (1) Let n = 2.
(i) When p is an odd integer, we have
Up,2/∼ = {Up,2} .
(ii) When p is an even integer, we have
Up,2/∼ = {ηε | ε ∈ {0, 1}} ,
where
ηε = {a ∈ Up,2 | εp(a) = ε (mod 2)}.
(2) Let n is an even integer greater than 2.
(i) When p is an odd integer, we have
Up,n/∼ = {δτ | τ ∈ {1, . . . , p} s.t. τ |p} ,
where
δτ = {a ∈ Up,n | τp(a) = τ}.
(ii) When p is an even integer, we have
Up,n/∼
=
{
ατ,µ
∣∣∣ τ ∈ {1, . . . , p} s.t. (τ |p) ∧ (τ ≡ 1 (mod 2));
µ ∈ Z s.t. (−n < µ < n) ∧
(
µ ≡ 0 (mod 2)
)
∧
(n−|µ|
2 ≡ 0 (mod 2)
)}
⋃ {
βτ,ε
∣∣∣ τ ∈ {1, . . . , p} s.t. (τ |p) ∧ (τ ≡ 0 (mod 2)) ∧ ( pτ ≡ 1 (mod 2));
ε ∈ {0, 1}
}
⋃ γτ,ε,µ
∣∣∣∣∣
τ ∈ {1, . . . , p} s.t. (τ |p) ∧
(
τ ≡ 0 (mod 2)
)
∧
(
p
τ ≡ 0 (mod 2)
)
;
ε ∈ {0, 1};
µ ∈ Z s.t. (0 ≤ µ < n) ∧
(
µ ≡ 0 (mod 2)
)
∧
(n−|µ|
2 ≡ 0 (mod 2)
)

 ,
where
ατ,µ = {a ∈ Up,n | τp(a) = τ, µp(a) = µ},
βτ,ε = {a ∈ Up,n | τp(a) = τ, εp(a) = ε},
and
γτ,ε,µ = {a ∈ Up,n | τp(a) = τ, εp(a) = ε, µp,τ (a) = µ}.
TABLE 1 shows the values by the maps τp, εp, µp, and µp,τ for elements of each
equivalence class. Note that a ≡2 b means that a is congruent to b modulo 2.
We also note that the values with angle brackets 〈 〉 are not used for classifying
equivalence classes.
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Up,n/∼ τp εp µp µp,τ
n = 2,
p: odd
Up,2 〈τ = p〉 - - -
n = 2, ηε 〈τ = p〉 ε = 0 〈µ = 2〉 -
p: even ε = 1 〈µ = −2〉
n ≥ 4,
p: odd
δτ
τ ∈ {1, . . . , p}
s.t. τ |p
- - -
ατ,µ
τ ∈ {1, . . . , p}
s.t. (τ |p)
∧ (τ ≡2 1)
〈ε =∞〉⋆
−n < µ < n s.t.
(µ ≡2 0) ∧(
n−|µ|
2
≡2 0
) -
n ≥ 4,
p: even
βτ,ε
τ ∈ {1, . . . , p}
s.t. (τ |p)
∧ (τ ≡2 0)
ε = 0 〈µ = n〉 -
∧( p
τ
≡2 1) ε = 1 〈µ = −n〉 -
γτ,ε,µ τ ∈ {1, . . . , p} ε = 0 〈µ = n〉 -
s.t. (τ |p)
∧ (τ ≡2 0)
∧ ( p
τ
≡2 0)
ε = 1 〈µ = −n〉
0 ≤ µ < n
s.t. (µ ≡2 0)
∧(n−|µ|
2
≡2 0)
Table 1. The values by maps for elements of each equivalence class.
For example, the value ε = ∞ with ⋆ is obtained as follows: Assume that
εp(a) ∈ {0, 1} for a = (a1, . . . , an) ∈ ατ,µ. Then
µp(a) = E(a)− O(a) = ±n
holds since we have
a1 + a2 ≡ a2 + a3 ≡ · · · ≡ an + a1 (mod 2).
It contradicts the assumption of µ. Therefore, we have εp(a) = ∞. We leave the
proof of the other values in the table to the reader.
3. An A-palette for Fox colorings
The first author [10] introduced the palettes of arc colorings for spatial graph
diagrams in 2012. For any n ∈ 2Z+, let
UAp,n = {(x1, x2, . . . , xn)
A ∈ Znp | 2
n∑
i=1
(−1)ixi ≡ 0 (mod p)}
and let UAp =
⋃
n∈2Z+
UAp,n.
Definition 3.1. Two elements xA,yA ∈ UAp are equivalent (x
A ∼A yA) if xA and
yA are related by a finite sequence of the following transformations:
(Op1)A (x1, . . . , xn)
A −→ (x2, . . . , xn, x1)
A,
(Op2)A (x1, . . . , xn)
A −→ (2x− x1, . . . , 2x− xn)
A for x ∈ Zp,
(Op3)A (x1, . . . , xn)
A −→ (x2, 2x2 − x1, x3, . . . , xn)
A.
An A-palette PA of Fox p-colorings is a subset of UAp such that the equivalence
class of any element of PA is a subset of PA.
Put xA = (x1, . . . , xn)
A. Note that for the definition of τAp , ε
A
p , µ
A
p , and µ
A
p,τ ,
we treat xi ∈ Zp = {0, 1, . . . , p − 1} for i ∈ {1, . . . , n} as an integer. We define
κAp : U
A
p −→ Zp by
κAp
(
xA
)
=
n∑
i=1
(−1)ixi,
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and τAp : U
A
p −→ Z by
τAp
(
xA
)
=max{k ∈ {1, . . . , p} | k|p, x1 ≡ x2 ≡ · · · ≡ xn (mod k)}.
Suppose p is an even integer. We define εAp : U
A
p −→ Z ∪ {∞} by
εAp
(
xA
)
=


0 if x1 ≡ x2 ≡ · · · ≡ xn ≡ 0 (mod 2),
1 if x1 ≡ x2 ≡ · · · ≡ xn ≡ 1 (mod 2),
∞ otherwise.
and µAp : U
A
p −→ Z by
µAp
(
xA
)
= EA
(
xA
)
−OA
(
xA
)
,
where
EA
(
xA
)
= #{i ∈ {1, . . . , n} | xi ≡ 0 (mod 2)}
and
OA
(
xA
)
= #{i ∈ {1, . . . , n} | xi ≡ 1 (mod 2)}.
Let τ ∈ {1, . . . , p} be an even divisor of p such that
p
τ
is an even integer. We
define µAp,τ : U
A
p −→ Z ∪ {∞} by
µAp,τ
(
xA
)
=


∣∣∣∣∣ µApτ
((
0,
x2 − x1
τ
, . . . ,
xn − x1
τ
)A) ∣∣∣∣∣ if τAp (xA) = τ,
∞ otherwise.
We have the following theorem.
Theorem 3.2. ([10]) (1) Let n = 2.
(i) When p is an odd integer, we have
UAp,2/∼
A =
{
UAp,2
}
.
(ii) When p is an even integer such that
p
2
is an odd integer, we have
UAp,2/∼
A =
{
ηAµ | µ ∈ {−2, 0, 2}
}
,
where
ηAµ = {x
A ∈ UAp,2 | µ
A
p
(
xA
)
= µ}.
(iii) When p is an even integer such that
p
2
is an even integer, we have
UAp,2/∼
A =
{
ηAτ,ε | τ ∈
{p
2
, p
}
; ε ∈ {0, 1}
}
,
where
ηAτ,ε = {x
A ∈ UAp,2 | τ
A
p
(
xA
)
= τ, εAp (x
A) = ε}.
(2) Let n is an even integer greater than 2.
(i) When p is an odd integer, we have
UAp,n/∼
A =
{
δAτ | τ ∈ {1, . . . , p} s.t. τ |p
}
,
where
δAτ = {x
A ∈ UAp,n | τ
A
p (x
A) = τ}.
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UAp,n/∼
A
=
{
αAκ,τ,µ
∣∣∣ κ ∈ {0, p2}; τ ∈ {1, . . . , p} s.t. (τ |p) ∧ (τ ≡ 1 (mod 2));
µ ∈ Z s.t. (−n < µ < n) ∧
(
µ ≡ 0 (mod 2)
)
∧
(n−|µ|
2 ≡ κ (mod 2)
)}
⋃ {
βAτ,ε
∣∣∣ τ ∈ {1, . . . , p} s.t. (τ |p) ∧ (τ ≡ 0 (mod 2)) ∧ ( pτ ≡ 1 (mod 2));
ε ∈ {0, 1}
}
⋃ γAκ,τ,ε,µ
∣∣∣∣∣
κ ∈ {0, p2}; ε ∈ {0, 1};
τ ∈ {1, . . . , p} s.t. (τ |p) ∧
(
τ ≡ 0 (mod 2)
)
∧
(
p
τ ≡ 0 (mod 2)
)
;
µ ∈ Z s.t. (0 ≤ µ < n) ∧
(
µ ≡ 0 (mod 2)
)
∧
(
n−µ
2 ≡
κ
τ (mod 2)
)

 ,
where
αAκ,τ,µ = {x
A ∈ UAp,n | κ
A
p (x
A) = κ, τAp (x
A) = τ, µAp (x
A) = µ},
βAτ,ε = {x
A ∈ UAp,n | τ
A
p (x
A) = τ, εAp (x
A) = ε},
and
γAκ,τ,ε,µ = {x
A ∈ UAp,n | κ
A
p (x
A) = κ, τAp (x
A) = τ, εAp (x
A) = ε, µAp,τ (x
A) = µ}.
UA
p,n
UA
p,n
/∼A κA
p
τA
p
εA
p
µA
p
µA
p,τ
n = 2,
p: odd
UA
p,2 〈κ = 0〉 〈τ = p〉 - - -
n = 2, ηA
µ
〈κ = 0〉 〈τ = p〉 〈ε = 0〉 µ = 2 -
p: even, 〈ε = 1〉 µ = −2 -
p
2
: odd 〈κ = p
2
〉 〈τ = p
2
〉 〈ε =∞〉 µ = 0 -
n = 2, ηA
τ,ε
〈κ = 0〉 τ = p ε = 0 〈µ = 2〉 -
p: even, ε = 1 〈µ = −2〉 -
p
2
: even 〈κ = p
2
〉 τ = p
2
ε = 0 〈µ = 2〉 -
ε = 1 〈µ = −2〉
n ≥ 4,
p: odd
δA
τ
〈κ = 0〉
τ ∈ {1, . . . , p}
s.t. τ |p
- - -
αA
κ,τ,µ
κ = 0
τ ∈ {1, . . . , p}
s.t. (τ |p)∧
〈ε =∞〉 −n < µ < n
s.t.
-
κ = p
2
(τ ≡2 1)
(µ ≡2 0)∧
(n−|µ|
2
≡2 κ)
n ≥ 4,
p: even
βA
τ,ε
〈κ = 0〉⋆
τ ∈ {1, . . . , p}
s.t. (τ |p)∧
ε = 0 〈µ = n〉 -
(τ ≡2 0) ∧
( p
τ
≡2 1)
ε = 1 〈µ = −n〉 -
γA
κ,τ,ε,µ
κ = 0 τ ∈ {1, . . . , p} ε = 0 〈µ = n〉 0 ≤ µ < n
s.t. (τ |p)∧ ε = 1 〈µ = −n〉 s.t.
κ = p
2
(τ ≡2 0)∧ ε = 0 〈µ = n〉 (µ ≡2 0)∧
( p
τ
≡2 0) ε = 1 〈µ = −n〉 (
n−µ
2
≡2
κ
τ
)
Table 2. The values by maps for elements of each equivalence class.
TABLE 2 shows the values by the maps κAp , τ
A
p , ε
A
p , µ
A
p , and µ
A
p,τ for elements
of each equivalence class. Note that a ≡2 b means that a is congruent to b modulo
2. We also note that the values with angle brackets 〈 〉 are not used for classifying
equivalence classes.
For example, the value κ = 0 with ⋆ is obtained as follows: For xA = (x1, . . . , xn)
A ∈
βAτ,ε, since τ
A
p (x
A) = τ ,
xA = (x1, . . . , xn)
A
= (x1, x1 + y2τ, x1 + y3τ, . . . , x1 + ynτ)
A
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for some y2, . . . , yn ∈ {0, . . . , p− 1}. We then have
κAp (x
A) = κAp
(
(x1, . . . , xn)
A
)
= κAp
(
(x1, x1 + y2τ, x1 + y3τ, . . . , x1 + ynτ)
A
)
= −x1 + (x1 + y2τ)− (x1 + y3τ) + · · ·+ (x1 + ynτ)
= y2τ − y3τ + · · ·+ ynτ
= (y2 − y3 + · · ·+ yn)τ.
Assume that κAp (x
A) = p2 , where κ
A
p (x
A) ∈ {0, p2} since x
A ∈ UAp . We then have
(y2 − y3 + · · · + yn)τ =
p
2 . Hence 2(y2 − y3 + · · · + yn) =
p
τ , which contradicts to
the condition that pτ is odd. Therefore, we have κ
A
p (x
A) = 0. We leave the proof
of the other values in the table to the reader.
We have the following properties for the equivalence classes such that κp of their
elements are 0.
Lemma 3.3. ([10]) (1) When p is an odd integer, for xA ∈ UAp,2, it holds
xA ∼A (0, 0)A.
(2) For xA ∈ ηAµ , it holds
xA ∼A
{
(0, 0)A if µ = 2,
(1, 1)A if µ = −2.
(3) For xA ∈ ηAτ=p,ε, it holds
xA ∼A
{
(0, 0)A if ε = 0 ,
(1, 1)A if ε = 1 .
(4) For xA ∈ δAτ , it holds
xA ∼A (0, τ, 0, τ, . . . , 0,
2− n
2
τ)A.
(5) For xA ∈ αAκ=0,τ,µ, it holds
xA ∼A


(0, τ, 0, τ, . . . , 0, 2−n−µ2 τ, τ, . . . , τ︸ ︷︷ ︸
−µ
)A if − n < µ ≤ 0,
(0, τ, 0, τ, . . . , 0, 2−n+µ2 τ, 0, . . . , 0︸ ︷︷ ︸
µ
)A if 0 < µ < n.
(6) For xA ∈ βAτ,ε, it holds
xA ∼A
{
(0, τ, 0, τ, . . . , 0, 2−n2 τ)
A if ε = 0,
(1, τ + 1, 1, τ + 1, . . . , 1, 2−n2 τ + 1)
A if ε = 1.
(7) For xA ∈ γAκ=0,τ,ε,µ, it holds
xA ∼A


(0, τ, 0, τ, . . . , 0, 2−n+µ2 τ, 0, . . . , 0︸ ︷︷ ︸
µ
)A if ε = 0,
(1, τ + 1, 1, τ + 1, . . . , 1, 2−n+µ2 τ + 1, 1, . . . , 1︸ ︷︷ ︸
µ
)A if ε = 1.
Remark 3.4. In [10], properties shown in this section were discussed only when
p ≥ 3. However, we can see that these properties also hold when p = 2.
94. Proof of the Main Theorem
Let n ∈ 2Z+. Set
V Ap,n =
{
(x1, . . . , xn)
A ∈ Up
∣∣∣ n∑
i=1
(−1)ixi ≡ 0 (mod p)
}
,
which is an A-palette of Fox p-colorings. Define a map TR→A : {0}×Z
n−1
p → V
A
p,n
by
TR→A
(
(a1 = 0, a2, . . . , an)
)
= (a1 + a2, a2 + a3, . . . , an−1 + an, an + a1)
A
= (a2, a2 + a3, . . . , an−1 + an, an)
A,
where TR→A is regarded as a translation from an n-tuple of region colors to that
of arc colors. Define a map TA→R : V
A
p,n → {0} × Z
n−1
p by
TA→R
(
(x1, x2, . . . , xn)
A
)
=
(
0,
1∑
i=1
(−1)i+1xi,
2∑
i=1
(−1)i+2xi, . . . ,
n−1∑
i=1
(−1)i+(n−1)xi
)
,
where TA→R is regarded as a translation from an n-tuple of arc colors to that of
region colors.
Lemma 4.1. TR→A and TA→R are inverses of each other, that is, both of TR→A
and TA→R are bijective.
Proof. The equality TA→R ◦ TR→A = id follows from
TA→R ◦ TR→A
(
(a1 = 0, a2, . . . , an)
)
= TA→R
(
(a1 + a2, a2 + a3, . . . , an−1 + an, an + a1)
A
)
=
(
0,
1∑
i=1
(−1)i+1(ai + ai+1),
2∑
i=1
(−1)i+2(ai + ai+1),
. . . ,
n−1∑
i=1
(−1)i+(n−1)(ai + ai+1)
)
= (0, a2, . . . , an),
and the equality TR→A ◦ TA→R = id follows from
TR→A ◦ TA→R
(
(x1, x2, . . . , xn)
A
)
= TR→A
((
0,
1∑
i=1
(−1)i+1xi,
2∑
i=1
(−1)i+2xi, . . . ,
n−1∑
i=1
(−1)i+(n−1)xi
))
=
( 1∑
i=1
(−1)i+1xi,
1∑
i=1
(−1)i+1xi +
2∑
i=1
(−1)i+2xi, . . . ,
n−2∑
i=1
(−1)i+(n−2)xi +
n−1∑
i=1
(−1)i+(n−1)xi,
n−1∑
i=1
(−1)i+(n−1)xi
)A
= (x1, x2, . . . , xn)
A.

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Lemma 4.2. Let a, b ∈ {0} × Zn−1p and x
A,yA ∈ V Ap,n such that a = TA→R(x
A)
and b = TA→R(y
A). Then we have
xA∼AyA ⇐⇒ a ∼ b.
Proof. Here we only show that xA∼AyA =⇒ a ∼ b and leave the proof of
xA∼AyA ⇐= a ∼ b, that is not used in this paper, to the reader. It suffices to
show that supposing that xA and yA are related by one of the operations (Op1)A–
(Op3)A in Definition 3.1, we have a ∼ b.
Suppose that yA is obtained from xA by (Op1)A, that is, yA = (x2, . . . , xn, x1)
A.
We then have
b = TA→R
(
(x2, . . . , xn, x1)
A
)
=
(
0,
2∑
i=2
(−1)i+2xi,
3∑
i=2
(−1)i+3xi, . . . ,
n∑
i=2
(−1)i+nxi
)
(Op2)
−→
(
x1,
2∑
i=2
(−1)i+2xi + (−1)
2(0 − x1),
. . . ,
n∑
i=2
(−1)i+nxi + (−1)
n(0− x1)
)
=
( 1∑
i=1
(−1)i+1xi,
2∑
i=1
(−1)i+2xi, . . . ,
n∑
i=1
(−1)i+nxi
)
=
( 1∑
i=1
(−1)i+1xi,
2∑
i=1
(−1)i+2xi, . . . ,
n−1∑
i=1
(−1)i+(n−1)xi, 0
)
(Op1)−1
−→
(
0,
1∑
i=1
(−1)i+1xi,
2∑
i=1
(−1)i+2xi, . . . ,
n−1∑
i=1
(−1)i+(n−1)xi
)
= TA→R
(
(x1, x2, . . . , xn)
A
)
= a,
which implies that a ∼ b.
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Suppose that yA is obtained from xA by (Op2)A, that is, yA = (2x − x1, 2x−
x2, . . . , 2x− xn)
A for some x ∈ Zp. We then have
b = TA→R
(
(2x− x1, 2x− x2, . . . , 2x− xn)
A
)
=
(
0,
1∑
i=1
(−1)i+1(2x− xi), . . . ,
n−1∑
i=1
(−1)i+(n−1)(2x− xi)
)
(Op2)
−→
(
x,
1∑
i=1
(−1)i+1(2x− xi) + (−1)
2(0− x),
. . . ,
n−1∑
i=1
(−1)i+(n−1)(2x− xi) + (−1)
n(0− x)
)
=
(
x,−
1∑
i=1
(−1)i+1xi + x, . . . ,−
n−1∑
i=1
(−1)i+(n−1)xi + x
)
(Op3)
−→
(
0, x−
(
−
1∑
i=1
(−1)i+1xi + x
)
+ 0,
. . . , x−
(
−
n−1∑
i=1
(−1)i+(n−1)xi + x
)
+ 0
)
=
(
0,
1∑
i=1
(−1)i+1xi, . . . ,
n−1∑
i=1
(−1)i+(n−1)xi
)
= TA→R
(
(x1, x2, . . . , xn)
A
)
= a,
which implies that a ∼ b.
Suppose that yA is obtained from xA by (Op3)A, that is, yA = (x2, 2x2 −
x1, x3, . . . , xn)
A. We then have
b = TA→R
(
(x2, 2x2 − x1, x3, . . . , xn)
A
)
=
(
0, x2,−x2 + (2x2 − x1),
3∑
i=3
(−1)i+3xi + (−1)
2+3(2x2 − x1) + (−1)
1+3x2,
. . . ,
n−1∑
i=3
(−1)i+(n−1)xi + (−1)
2+(n−1)(2x2 − x1) + (−1)
1+(n−1)x2
)
=
(
0, x2, x2 − x1,
3∑
i=1
(−1)i+3xi, . . . ,
n−1∑
i=1
(−1)i+(n−1)xi
)
(Op4)−1
−→
(
0, 0 + x2 − (x2 − x1), x2 − x1,
3∑
i=1
(−1)i+3xi, . . . ,
n−1∑
i=1
(−1)i+(n−1)xi
)
=
(
0, x1, x2 − x1,
3∑
i=1
(−1)i+3xi, . . . ,
n−1∑
i=1
(−1)i+(n−1)xi
)
= TA→R
(
(x1, x2, . . . , xn)
A
)
= a,
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which implies that a ∼ b. 
Remark 4.3. The following result is proved easily from the definition of TR→A,
Theorem 2.2, and Theorem 3.2.
(1) When p is an odd integer, for a = (a1, a2) ∈ Up,2 such that a1 = 0, it holds
TR→A(a) ∈ U
A
p,2.
(2) For a = (a1, a2) ∈ ηε such that a1 = 0, it holds
TR→A(a) ∈
{
ηAµ=µp(a) if
p
2 is odd,
ηAτ=p,ε if
p
2 is even.
(3) For a = (a1, a2, . . . , an) ∈ δτ such that a1 = 0, it holds
TR→A(a) ∈ δ
A
τ .
(4) For a = (a1, a2, . . . , an) ∈ ατ,µ such that a1 = 0, it holds
TR→A(a) ∈ α
A
κ=0,τ,µ.
(5) For a = (a1, a2, . . . , an) ∈ βτ,ε such that a1 = 0, it holds
TR→A(a) ∈ β
A
τ,ε.
(6) For a = (a1, a2, . . . , an) ∈ γτ,ε,µ such that a1 = 0, it holds
TR→A(a) ∈ γ
A
κ=0,τ,ε,µ.
We then have the following lemma for each equivalence class of Up.
Lemma 4.4. (1) When p is an odd integer, for a ∈ Up,2, it holds
a ∼ (0, 0).
(2) For a ∈ ηε, it holds
a ∼
{
(0, 0) if ε = 0,
(0, 1) if ε = 1.
(3) For a ∈ δτ , it holds
a ∼ (0, 0, τ,−τ, 2τ,−2τ, . . . ,
n− 2
2
τ,−
n− 2
2
τ).
(4) For a ∈ ατ,µ, it holds
a ∼


(0, 0, τ,−τ, 2τ,−2τ, . . . , n+µ−22 τ,−
n+µ−2
2 τ, 0, τ, . . . , 0, τ︸ ︷︷ ︸
−µ
) if − n < µ ≤ 0,
(0, 0, τ,−τ, 2τ,−2τ, . . . , n−µ−22 τ,−
n−µ−2
2 τ, 0, . . . , 0︸ ︷︷ ︸
µ
) if 0 < µ < n.
(5) For a ∈ βτ,ε, it holds
a ∼
{
(0, 0, τ,−τ, 2τ,−2τ, . . . , n−22 τ,−
n−2
2 τ) if ε = 0,
(0, 1, τ, 1− τ, 2τ, 1− 2τ, . . . , n−22 τ, 1−
n−2
2 τ) if ε = 1.
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(6) For a ∈ γτ,ε,µ, it holds
a ∼


(0, 0, τ,−τ, 2τ,−2τ, . . . , n−µ−22 τ,−
n−µ−2
2 τ, 0, . . . , 0︸ ︷︷ ︸
µ
) if ε = 0,
(0, 1, τ, 1− τ, 2τ, 1− 2τ, . . . , n−µ−22 τ, 1−
n−µ−2
2 τ, 0, 1, . . . , 0, 1︸ ︷︷ ︸
µ
) if ε = 1.
Proof. (1) For a ∈ Up,2,
a = (a1, a2)
(Op2)
−→ (0, a1 + a2)
TR→A−→ (a1 + a2, a1 + a2)
A
Lem.3.3A
∼ (0, 0)A
TA→R−→ (0, 0).
(2) For a ∈ ηε,
a = (a1, a2)
(Op2)
−→ (0, a1 + a2)
TR→A−→ (a1 + a2, a1 + a2)
A ∈
{
ηµ=µp(a) if
p
2 is odd
ητ=p,ε if
p
2 is even
Lem.3.3A
∼


(0, 0)A if (a1 + a2, a1 + a2)
A ∈ η2
(1, 1)A if (a1 + a2, a1 + a2)
A ∈ η−2
(0, 0)A if (a1 + a2, a1 + a2)
A ∈ ητ=p,ε=0
(1, 1)A if (a1 + a2, a1 + a2)
A ∈ ητ=p,ε=1
(⋆)
=
{
(0, 0)A if ε = 0
(1, 1)A if ε = 1
TA→R−→
{
(0, 0) if ε = 0
(0, 1) if ε = 1,
where
(⋆)
= holds since when ε = 0, (a1 + a2, a1 + a2)
A ∈ η2 and when ε = 1,
(a1 + a2, a1 + a2)
A ∈ η−2.
(3) For a ∈ δτ ,
a = (a1, a2, . . . , an)
(Op2)
−→ (0, a2 + a1, a3 − a1, . . . , an−1 − a1, an + a1)
TR→A−→ (a1 + a2, a2 + a3, . . . , an−1 + an, an + a1)
A
Lem.3.3A
∼ (0, τ, 0, τ, . . . , 0,
2− n
2
τ)A
TA→R−→ (0, 0, τ,−τ, 2τ,−2τ, . . . ,
n− 2
2
τ,−
n− 2
2
τ).
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(4) For a ∈ ατ,µ,
a = (a1, a2, . . . , an)
(Op2)
−→ (0, a2 + a1, a3 − a1, . . . , an−1 − a1, an + a1)
TR→A−→ (a1 + a2, a2 + a3, . . . , an−1 + an, an + a1)
A
Lem.3.3A
∼


(0, τ, 0, τ, . . . , 0, 2−n−µ2 τ, τ, . . . , τ︸ ︷︷ ︸
−µ
)A if − n < µ ≤ 0,
(0, τ, 0, τ, . . . , 0, 2−n+µ2 τ, 0, . . . , 0︸ ︷︷ ︸
µ
)A if 0 < µ < n
TA→R−→


(0, 0, τ,−τ, . . . , n+µ−22 τ,−
n+µ−2
2 τ, 0, τ, . . . , 0, τ︸ ︷︷ ︸
−µ
) if − n < µ ≤ 0,
(0, 0, τ,−τ, . . . , n−µ−22 τ,−
n−µ−2
2 τ, 0, . . . , 0︸ ︷︷ ︸
µ
) if 0 < µ < n.
(5) For a ∈ βτ,ε,
a = (a1, a2, . . . , an)
(Op2)
−→ (0, a2 + a1, a3 − a1, . . . , an−1 − a1, an + a1)
TR→A−→ (a1 + a2, a2 + a3, . . . , an−1 + an, an + a1)
A
Lem.3.3A
∼
{
(0, τ, 0, τ, . . . , 0, 2−n2 τ)
A if ε = 0,
(1, τ + 1, 1, τ + 1, . . . , 1, 2−n2 τ + 1)
A if ε = 1
TA→R−→
{
(0, 0, τ,−τ, 2τ,−2τ, . . . , n−22 τ,−
n−2
2 τ) if ε = 0,
(0, 1, τ, 1− τ, 2τ, 1− 2τ, . . . , n−22 τ, 1−
n−2
2 τ) if ε = 1.
(6) For a ∈ γτ,ε,µ,
a = (a1, a2, . . . , an)
(Op2)
−→ (0, a2 + a1, a3 − a1, . . . , an−1 − a1, an + a1)
TR→A−→ (a1 + a2, a2 + a3, . . . , an−1 + an, an + a1)
A
Lem.3.3A
∼


(0, τ, 0, τ, . . . , 0, 2−n+µ2 τ, 0, . . . , 0︸ ︷︷ ︸
µ
)A if ε = 0,
(1, τ + 1, 1, τ + 1, . . . , 1, 2−n+µ2 τ + 1, 1, . . . , 1︸ ︷︷ ︸
µ
)A if ε = 1
TA→R−→


(0, 0, τ,−τ, 2τ,−2τ, . . . , n−µ−22 τ,−
n−µ−2
2 τ, 0, . . . , 0︸ ︷︷ ︸
µ
) if ε = 0,
(0, 1, τ, 1− τ, 2τ, 1− 2τ, . . . , n−µ−22 τ, 1−
n−µ−2
2 τ, 0, 1, . . . , 0, 1︸ ︷︷ ︸
µ
) if ε = 1.

Proof of Theorem 2.2. Each equivalence class is distinguished from the others by
using the maps εp, τp, µp, and µp,τ . Besides, we can see that two elements in the
same equivalence class have the same representative by Lemma 4.4. 
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5. Invariants of unoriented spatial graphs using R-palettes
A spatial graph is a graph embedded in the 3-dimensional Euclidean space R3.
Two spatial graphs are equivalent if one can be deformed by an ambient isotopy
into the other. A spatial graph diagram D of a spatial graph G is an image of G
by a regular projection onto the 2-dimensional Euclidean space R2 with a crossing
information at each double point. It is well-known that two spatial graph diagrams
represent an equivalent spatial graph if and only if they are related by a finite
sequence of the generalized Reidemeister moves as in FIGURE 1.
Figure 1.
Each edge of a spatial graph diagram is separated into some pieces. These pieces
are said to be arcs. The 2-dimensional Euclidean space R2 is separated into some
pieces by edges of a spatial graph diagram. These pieces are said to be regions. In
this section, a spatial graph means an unoriented spatial graph.
Definition 5.1. Let P be an R-palette for Dehn p-colorings. Let D be a diagram
of an unoriented spatial graph and R(D) the set of regions of D. A Dehn (p, P )-
coloring of D is a map C : R(D)→ Zp satisfying the following conditions:
• For a crossing c with regions r1, r2, r3 and r4 such that r2 is adjacent to an
arbitrary chosen r1 by an under-arc and r3 is adjacent to r1 by the over-arc
as depicted in FIGURE 2,
C(r1)− C(r2) + C(r3)− C(r4) = 0
holds, which we call the crossing condition.
• For a vertex v with regions r1, . . . , rn that appear clockwisely near it as
depicted in FIGURE 2,(
C(r1), C(r2), . . . , C(rn)
)
∈ P
holds, which we call the vertex condition.
Figure 2.
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We call C(r) the color of a region r. We denote by Col(p,P )(D) the set of Dehn
(p, P )-colorings of D. We denote by (D,C) a diagram D equipped with a Dehn
(p, P )-coloring C.
Proposition 5.2. Let D and D′ be diagrams of spatial graphs. If D and D′
represent the same spatial graph, then there exists a bijection between Col(p,P )(D)
and Col(p,P )(D
′).
Proof. Let D and D′ be diagrams such that D′ is obtained from D by a single
generalized Reidemeister move. Let E be a 2-disk in which the move is applied.
Let C be a Dehn (p, P )-coloring of D. We define a Dehn (p, P )-coloring C′ of D′,
corresponding to C, by C′(r) = C(r) for each region r appearing in the outside of E.
Then the colors of the regions appearing in E, by C′, are uniquely determined, see
FIGURE 3 and 4 for generalized Reidemeister moves of type IV and V, respectively.
Figure 3.
Figure 4.
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More precisely, for the upper move in FIGURE 3, we have (a1, . . . , an) ∈ P by
the vertex condition of the Dehn (p, P )-coloring C. We then have (a, a1 − a2 +
a, . . . , a1−an+a) ∈ P by Definition 1.1, which implies that the vertex condition of
the Dehn (p, P )-coloring C′ for the corresponding vertex is also satisfied. Similar
arguments apply to the other cases.

Proposition 5.2 shows that the number of Dehn (p, P )-colorings, i.e. #Col(p,P )(D),
is an invariant of unoriented spatial graphs.
Example 5.3. We cannot distinguish the spatial graphs G and H with the number
of Dehn (3, U3)-colorings because it holds that #Col(3,U3)(G) = #Col(3,U3)(H) =
35 = 243 as depicted in FIGURE 5, where a, b, c, d, e ∈ Z3. See Example 1.4 for U3.
Figure 5.
To distinguish these spatial graphs, let us replace U3 with P = (U3,4\A3,4)∪A3,6.
See Example 1.4 and 1.5 for Up,n and Ap,n.We first compute the number of the
Dehn (3, P )-colorings of G. See FIGURE 6. Let C(r1) = C(r3) = C(r5) = a
and C(r2) = C(r4) = C(r6) = b because the 6-tuples in P are alternating such as
(a, b, a, b, a, b) for a, b ∈ Z3. When we put C(r7) = c for c ∈ Z3, C(r8) = a− b + c
is given from the crossing condition at c1. Similarly, we have the following colors
from each crossing condition:

C(r9) = 2b− c from the crossing condition at c2,
C(r10) = a+ b− c from the crossing condition at c3,
C(r11) = 2b− c from the crossing condition at c4,
C(r12) = c from the crossing condition at c5.
Then the crossing conditions at c6 and c7 give b = c. This means that the 4-tuples of
colors around the 4-valent vertex are alternating as (C(r1), C(r6), C(r5), C(r12)) =
(a, b, a, b), which does not satisfy the vertex condition. Therefore, we have
#Col(3,P )(G) = 0.
Next, we compute the number of Dehn (3, P )-colorings of H . See FIGURE 7.
As in the case of G, let C(r1) = C(r3) = C(r5) = a, C(r2) = C(r4) = C(r6) = b,
and C(r7) = c for a, b, c ∈ Z3. We have the following colors from each crossing
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Figure 6.
condition: 

C(r8) = a− b+ c from the crossing condition at c1,
C(r9) = c from the crossing condition at c2,
C(r10) = a+ b− c from the crossing condition at c3,
C(r11) = 2b− c from the crossing condition at c4,
C(r12) = −b+ 2c from the crossing condition at c5.
Here we observe the 4-valent vertex. The 4-tuples of colors around the 4-valent
vertex (C(r1), C(r6), C(r5), C(r12)) = (a, b, a, 2c − b) must not be alternating to
satisfy the vertex condition, and thus, b 6= c is required. This follows
#Col(3,P )(H) = 3× 3× 2 = 18.
Figure 7.
Therefore, we see that the spatial graphs G and H are not equivalent.
Thus, with selecting an appropriate palette, we might be able to distinguish
spatial graphs.
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6. Generalized R-palettes for region colorings of oriented spatial
graph diagrams
The notion of R-palettes for Dehn p-colorings can be extended for knot-theoretic
ternary-quasigroups and region colorings of “oriented” spatial graph diagrams in
general. In this section, we will show this generalization.
Definition 6.1. A knot-theoretic ternary-quasigroup [7, 8, 9] is a pair of a set X
and a ternary operation [ ] : X3 → X ; (a, b, c) 7→ [a, b, c] satisfying the following
property:
(KT Q1) For any a, b, c ∈ X ,
(i) there exists a unique d1 ∈ X such that [a, b, d1] = c,
(ii) there exists a unique d2 ∈ X such that [a, d2, b] = c,
(iii) there exists a unique d3 ∈ X such that [d3, a, b] = c.
(KT Q2) For any a, b, c, d ∈ X , it holds that
[b, [a, b, c], [a, b, d]] = [c, [a, b, c], [a, c, d]] = [d, [a, b, d], [a, c, d]].
The axioms of a knot-theoretic ternary-quasigroup (X, [ ]) are obtained from the
oriented Reidemeister moves of link diagrams, which is observed when we consider
a region coloring of an oriented link diagram by (X, [ ]), that is, an assignment of an
element ofX to each region satisfying the crossing condition depicted in FIGURE 8.
See FIGURE 9 for the correspondence between the Reidemeister move of type III
and the axiom (KT Q2) of a knot-theoretic ternary-quasigroup (X, [ ]).
Figure 8.
Let (X, [ ]) be a knot-theoretic ternary-quasigroup. Define H(a,b;i) : X → X (i ∈
{1, 2, 3}) by
H(a,b;1)(c) = [c, a, b], H(a,b;2)(c) = [a, c, b], and H(a,b;3)(c) = [a, b, c]
for a, b, c ∈ X .
Definition 6.2. For elements a, b, c ∈ X , we define maps L(a,b), L(a,b), R(a,b), and
R(a,b) : X → X by
L(a,b)(c) = H(a,b;2)(c), L(a,b)(c) = H(a,b;3)(c),
R(a,b)(c) = H
−1
(c,a;3)(b), R(a,b)(c) = H
−1
(c,a;2)(b).
As shown in FIGURE 10, L (resp. L, R, R) is related to colors of the regions in
the left side for the under-semi-arcs (resp. in the left side for the over-semi-arcs, in
the right side for the under-semi-arcs, in the right side for the over-semi-arcs) of a
crossing.
Lemma 6.3. For any element a, b ∈ X, L(a,b), L(a,b), R(a,b), and R(a,b) are bijec-
tive.
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Figure 9.
Figure 10.
Proof. The inverses are defined by
L−1(a,b)(c) = H
−1
(a,b;2)(c), L
−1
(a,b)(c) = H
−1
(a,b;3)(c),
R−1(a,b)(c) = H
−1
(a,c;1)(b), R
−1
(a,b)(c) = H
−1
(c,a;1)(b).

Remark 6.4. For any element a, b, c ∈ X , we have
R(a,b)(c) = L
−1
(c,a)(b), R
−1
(a,b)(c) = R
−1
(c,b)(a)
L(a,b)(c) = L(a,c)(b), L
−1
(a,b)(c) = R(b,c)(a),
see FIGURE 11.
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Figure 11.
Definition 6.5. Set X = {a+1 | a ∈ X}∪ {a−1 | a ∈ X}. An oriented R-palette P
of (X, [ ]) is a subset of
⋃
n∈Z+
Xn satisfying the following conditions:
(i) If (aε11 , a
ε2
2 , . . . , a
εn
n ) ∈ P , then (a
ε2
2 , . . . , a
εn
n , a
ε1
1 ) ∈ P .
(ii) If (aε11 , a
ε2
2 , . . . , a
εn
n ) ∈ P , then it holds that
Lεn(an,a1;εn) ◦ L
εn−1
(an−1,an;εn−1)
◦ · · · ◦ Lε1(a1,a2;ε1) = id,
L
εn
(an,a1;εn) ◦ L
εn−1
(an−1,an;εn−1) ◦ · · · ◦ L
ε1
(a1,a2;ε1) = id,
Rεn(an,a1;εn) ◦R
εn−1
(an−1,an;εn−1)
◦ · · · ◦Rε1(a1,a2;ε1) = id,
R
εn
(an,a1;εn) ◦R
εn−1
(an−1,an;εn−1) ◦ · · · ◦R
ε1
(a1,a2;ε1) = id,
where (ai, aj ; εi) =


(ai, aj) (εi = +1), and
(aj , ai) (εi = −1).
(iii) If (aε11 , a
ε2
2 , . . . , a
εn
n ) ∈ P , then it holds that(
a, Lε1(a1,a2;ε1)(a), L
ε2
(a2,a3;ε2)
◦Lε1(a1,a2;ε1)(a), . . . , L
εn−1
(an−1,an;εn−1)
◦· · ·◦Lε1(a1,a2;ε1)(a)
)
∈ P,(
a, L
ε1
(a1,a2;ε1)(a), L
ε2
(a2,a3;ε2)◦L
ε1
(a1,a2;ε1)(a), . . . , L
εn−1
(an−1,an;εn−1)◦· · ·◦L
ε1
(a1,a2;ε1)(a)
)
∈ P,(
a,Rε1(a1,a2;ε1)(a), R
ε2
(a2,a3;ε2)
◦Rε1(a1,a2;ε1)(a), . . . , R
εn−1
(an−1,an;εn−1)
◦· · ·◦Rε1(a1,a2;ε1)(a)
)
∈ P,(
a,R
ε1
(a1,a2;ε1)(a), R
ε2
(a2,a3;ε2)◦R
ε1
(a1,a2;ε1)(a), . . . , R
εn−1
(an−1,an;εn−1)◦· · ·◦R
ε1
(a1,a2;ε1)(a)
)
∈ P
for any a ∈ X .
(iv) If (aε11 , a
ε2
2 , . . . , a
εn
n ) ∈ P , when n > 2,
(aε21 ,
(
Lε2(a2,a3;ε2)(a1)
)ε1
, aε33 , . . . , a
εn
n ) ∈ P,
(aε21 ,
(
L
ε2
(a2,a3;ε2)(a1)
)ε1
, aε33 , . . . , a
εn
n ) ∈ P,
(aε21 ,
(
Rε2(a2,a3;ε2)(a1)
)ε1
, aε33 , . . . , a
εn
n ) ∈ P,
(aε21 ,
(
R
ε2
(a2,a3;ε2)(a1)
)ε1
, aε33 , . . . , a
εn
n ) ∈ P
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hold, and when n = 2,
(aε21 ,
(
Lε2(a2,a1;ε2)(a1)
)ε1
) ∈ P,
(aε21 ,
(
L
ε2
(a2,a1;ε2)(a1)
)ε1
) ∈ P,
(aε21 ,
(
Rε2(a2,a1;ε2)(a1)
)ε1
) ∈ P,
(aε21 ,
(
R
ε2
(a2,a1;ε2)(a1)
)ε1
) ∈ P
hold.
The axioms of an oriented R-palette P of (X, [ ]) are obtained from the oriented
Reidemeister moves, of spatial graph diagrams. This is observed when we consider
(X,P )-colorings for regions of spatial graph diagrams as follows:
Definition 6.6. Let (X, [ ]) be a knot-theoretic ternary-quasigroup and P be an
oriented R-palette of (X, [ ]). Let D be a diagram of an oriented spatial graph and
R(D) the set of regions of D. An (X,P )-coloring of D is a map C : R(D) → X
satisfying the following conditions:
• For a crossing c with regions r1, r2, r3, and r4 near it as depicted in FIG-
URE 12, [
C(r1), C(r2), C(r3)
]
= C(r4)
holds, see also FIGURE 8, where r1 is located in the right side of the over-
and under-arcs both with respect to their orientations, r2 is the region which
is adjacent to r1 by an under-arc and r3 is the region which is adjacent to
r1 by the over-arc.
• For a vertex v with regions r1, . . . , rn that appear clockwisely near it as
depicted in FIGURE 12,(
C(r1)
ε1 , C(r2)
ε2 , . . . , C(rn)
εn
)
∈ P
holds, where for i ∈ {1, . . . , n}, εi = +1 if the arc xi which separates the
regions ri and ri+1 points to v, and εi = −1 otherwise.
We call C(r) the color of a region r. We denote by Col(X,P )(D) the set of (X,P )-
colorings of D.
Figure 12.
Proposition 6.7. Let D and D′ be diagrams of oriented spatial graphs. If D and D′
represent the same spatial graph, then there exists a bijection between Col(X,P )(D)
and Col(X,P )(D
′).
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Proof. Let D and D′ be diagrams such that D′ is obtained from D by a single
Reidemeister move. Let E be a 2-disk in which the move is applied. Let C be an
(X,P )-coloring of D. We define an (X,P )-coloring C′ of D′, corresponding to C,
by C′(r) = C(r) for a region r appearing in the outside of E. Then the colors of
the regions appearing in E, by C′, are uniquely determined, see FIGURE 13 and
14. For example, in the upper move in FIGURE 13, since(
x,R
−1
(a2,a1)(x), . . . , R(an−1,an) ◦ · · · ◦R(a2,a3) ◦R
−1
(a2,a1)(x)
)
=
(
x,R
−1
(a1,a2;−1)(x), . . . , R
+1
(an−1,an;+1) ◦ · · · ◦R
+1
(a2,a3;+1) ◦R
−1
(a1,a2;−1)(x)
)
∈ P
for any (aε11 , a
ε2
2 , . . . , a
εn
n ) ∈ P and x ∈ X , by (iii) of Definition 6.5, if the vertex
in the left picture satisfies the coloring condition, so does the vertex in the right
picture.
Thus we have a bijection Col(X,P )(D)→ Col(X,P )(D
′) that maps C to C′. 
Figure 13.
7. Generalized R-palettes for region colorings of unoriented
spatial graph diagrams
The notion of R-palettes for Dehn p-colorings can be extended for knot-theoretic
ternary-quasigroups and region colorings of “unoriented” spatial graph diagrams in
general, which can be also regarded as a simplification of the notion shown in the
previous section. In this section, we will show this generalization.
Definition 7.1. Let (X, [ ]) be a knot-theoretic ternary-quasigroup. The ternary
operation [ ] is said to be unoriented if it satisfies that
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Figure 14.
(KT Q3) For any a, b, c ∈ X ,
[b, a, [a, b, c]] = c and [c, [a, b, c], a] = b.
A knot-theoretic ternary-quasigroup (X, [ ]) with an unoriented [ ] gives a region col-
oring of an unoriented link diagram by (X, [ ]), that is, an assignment of an element
of X to each region satisfying the crossing condition depicted in FIGURE 15. Note
that this condition does not depend on the choice of the specified region labeled by
⋆, see FIGURE 16.
Figure 15.
Figure 16.
Let (X, [ ]) be a knot-theoretic ternary-quasigroup with an unoriented [ ]. Note
again that H(a,b;i) : X → X (i ∈ {2, 3}) is defined by
H(a,b;2)(c) = [a, c, b] and H(a,b;3)(c) = [a, b, c]
for a, b, c ∈ X .
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Definition 7.2. An unoriented R-palette P of (X, [ ]) is a subset of
⋃
n∈Z+
Xn sat-
isfying the following conditions:
(i) If (a1, a2, . . . , an) ∈ P , then (a2, . . . , an, a1) ∈ P .
(ii) If (a1, a2, . . . , an) ∈ P , then it holds that
H(an,a1;2) ◦H(an−1,an;2) ◦ · · · ◦H(a1,a2;2) = id,
H(an,a1;3) ◦H(an−1,an;3) ◦ · · · ◦H(a1,a2;3) = id.
(iii) If (a1, a2, . . . , an) ∈ P , then it holds that(
a,H(a1,a2;2)(a), H(a2,a3;2) ◦H(a1,a2;2)(a), . . . , H(an−1,an;2) ◦ · · · ◦H(a1,a2;2)(a)
)
∈ P,(
a,H(a1,a2;3)(a), H(a2,a3;3) ◦H(a1,a2;3)(a), . . . , H(an−1,an;3) ◦ · · · ◦H(a1,a2;3)(a)
)
∈ P
for any a ∈ X .
(iv) If (a1, a2, . . . , an) ∈ P , when n > 2,
(a1, [a2, a3, a1], a3, . . . , an) ∈ P,
(a1, [a2, a1, a3], a3, . . . , an) ∈ P
hold, and when n = 2,
(a1, [a2, a1, a1]) ∈ P
holds.
The axioms of an unoriented R-palette P of (X, [ ]) are obtained from the un-
oriented Reidemeister moves of spatial graph diagrams. This is observed when we
consider (X,P )-colorings for regions of spatial graph diagrams as follows:
Definition 7.3. Let (X, [ ]) be a knot-theoretic ternary-quasigroup with an unori-
ented [ ] and P be an unoriented R-palette of (X, [ ]). Let D be a diagram of an
unoriented spatial graph and R(D) the set of regions of D. An (X,P )-coloring of
D is a map C : R(D)→ X satisfying the following conditions:
• For a crossing c with regions r1, r2, r3, and r4 near it as depicted in FIG-
URE 2, [
C(r1), C(r2), C(r3)
]
= C(r4)
holds, where for an arbitrary chosen region r1, r2 is the region which is
adjacent to r1 by an under-arc and r3 is the region which is adjacent to r1
by the over-arc. See also FIGURE 15.
• For a vertex v with regions r1, . . . , rn that appear clockwisely near it as
depicted in FIGURE 2,(
C(r1), C(r2), . . . , C(rn)
)
∈ P
holds.
We call C(r) the color of a region r. We denote by Col(X,P )(D) the set of (X,P )-
colorings of D.
Proposition 7.4. Let D and D′ be diagrams of unoriented spatial graphs. If
D and D′ represent the same spatial graph, then there exists a bijection between
Col(X,P )(D) and Col(X,P )(D
′).
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Proof. This is proven similarly as the proof of Proposition 6.7. 
Remark 7.5. In this paper, we study R-palettes for Dehn p-colorings, which co-
incide with R-palettes for the ternary-quasigroup (Zp, [ ]) with the operation [ ]
defined by [a, b, c] = a − b + c. Since [b, a, [a, b, c]] = b − a + (a − b + c) = c and
[c, [a, b, c], a] = c − (a − b + c) + a = b for a, b, c ∈ Zp, the ternary operation [ ] is
unoriented.
For this case,
the axiom (ii) of Definition 7.2 holds
⇐⇒ H(an,a1;2) ◦H(an−1,an;2) ◦ · · · ◦H(a1,a2;2)(a) = a (∀a ∈ Zp)
⇐⇒
{
2a1 − a = a (∀a ∈ Zp) if n is odd,
a = a (∀a ∈ Zp) if n is even.
Since there does not exist (a1, . . . , an) ∈ Z
n
p such that 2a1 − a = a for any a ∈ Zp,
the axiom (ii) of Definition 7.2 implies that any palette of the ternary-quasigroup
(Zp, [ ]) is a subset of
⋃
n∈2Z+
Z
n
p .
For the axiom (iii) of Definition 7.2,(
a,H(a1,a2;2)(a), H(a2,a3;2) ◦H(a1,a2;2)(a), . . . , H(an−1,an;2) ◦ · · · ◦H(a1,a2;2)(a)
)
∈ P
means(
a, a2 + (−1)
2(a1 − a), . . . , ai + (−1)
i(a1 − a), . . . , an + (−1)
n(a1 − a)
)
∈ P,
and(
a,H(a1,a2;3)(a), H(a2,a3;3) ◦H(a1,a2;3)(a), . . . , H(an−1,an;3) ◦ · · · ◦H(a1,a2;3)(a)
)
∈ P
means (
a, a1 − a2 + a, . . . , a1 − ai + a, . . . , a1 − an + a
)
∈ P.
For the axiom (iv) of Definition 7.2, when n > 2,
(a1, [a2, a1, a3], a3, . . . , an) ∈ P
means
(a1,−a1 + a2 + a3, a3, . . . , an) ∈ P.
By repeating this operation (a1, a2, . . . , an) ∈ P =⇒ (a1, [a2, a1, a3], a3, . . . , an) ∈ P
p− 1 times,
(a1, a2, . . . , an) ∈ P =⇒ (a1, [a2, a3, a1], a3, . . . , an) ∈ P
is obtained. Note that (a1, [a2, a1, a1]) ∈ P means (a1, a2) ∈ P when n = 2.
By the above observation, we have Definition 1.1, which is the simplified defini-
tion of an R-palette for the ternary-quasigroup (Zp, [ ]) with [a, b, c] = a− b+ c.
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